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Q.1  (a) Define outer measure and prove that outer measure of an interval is its 

length.  

(b) State and prove Fatau's lemma.  

(c) (i) Prove that a constant function defined over a measurable set is        

     Measurable.  

(ii) If E and F are measurable sets such that F⊂E then prove that 

                    𝑚(𝐸 − 𝐹) = 𝑚𝐸 − 𝑚𝐹. 

 

OR 

 

(a) If < En > is an infinite decreasing sequence of measurable sets and mE1 

is finite then prove that (
∞
∩

𝑖 = 1
𝐸𝑖) = lim

𝑛→∞
𝑚𝐸𝑛 . 

(b) Prove that(𝑎, ∞)is measurable. 

(c) For a Riemann integrable bounded function f defined on [𝑎, 𝑏],prove that 

it is measurable and  𝑅 ∫ 𝑓(𝑥)𝑑𝑥 =
𝑏

𝑎
∫ 𝑓(𝑥)𝑑𝑥

𝑏

𝑎
. 
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Q.2  (a) Prove that the family of measurable sets is σ-algebra. 

(b) If (𝑓𝑛)is a sequence of non-negative measurable function and 𝑓𝑛(𝑥) →

𝑓(𝑥) almost everywhere on a set E, then prove that ∫
𝐸

𝑓 ≤ 𝑙𝑖𝑚 ∫
𝐸

𝑓𝑛 

(c) Define upper and lower Riemann integral of a function. If 𝑓(𝑥) =

{
0; 𝑥 𝑖𝑠 𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙 

1: 𝑥 𝑖𝑠 𝑖𝑟𝑟𝑎𝑡𝑖𝑜𝑛𝑎𝑙
  then show that 𝑅 ∫ 𝑓(𝑥)

𝑏̅

𝑎
𝑑𝑥 = 𝑏 − 𝑎 and 

∫ 𝑓(𝑥)𝑑𝑥 = 0.
𝑏

𝑎
 

 

OR 

 

(a) Let f  be a nonnegative function which is integrable over a set E. Then 

show that for given ε > 0 there is δ > 0 such that for every set 𝐴 ⊂ 𝐸 

with 𝑚𝐴 <  𝛿 we have ∫
𝐴

 𝑓 < 𝜀. 

(b) State and prove Lebesgue convergent theorem. 

(c) Let f  be nonnegative function then show that ∫
𝐸

 𝑓 = 0 ⟹ 𝑓 = 0 almost 

everywhere. 
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Q.3  (a) State and prove monotone convergence theorem. 

(b) Prove that a function 𝑓 ∈ 𝐵𝑉([𝑎, 𝑏])if and only if f is a difference of two 

monotone real valued functions on a [𝑎, 𝑏]. 

(c) If f is integrable on [𝑎, 𝑏]and if ƒ ∫ 𝑓(𝑡)
𝑥

𝑎
𝑑𝑡 = 0, ∀𝑥 ∈ [𝑎, 𝑏],then prove 

that 𝑓(𝑡) = 0 almost everywhere on [𝑎, 𝑏]. 

 

OR 

 

(a) If a function f is absolutely continuous in an interval and if 𝑓′(𝑥) = 0 

almost everywhere, then prove that ƒ is constant. 

(b) If ƒ is bounded and measurable on [𝑎, 𝑏]and 𝐹(𝑥) = ∫ 𝑓(𝑡)𝑑𝑡
𝑥

𝑎
+

𝐹(𝑎)then prove that 𝐹′(𝑥) = 𝑓(𝑥) for almost all 𝑥 ∈ [𝑎, 𝑏]. 

(c) If f is absolutely continuous on[𝑎, 𝑏]. then prove that it is a function of 

bounded variation.  
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Q.4  (a) If Y is a Banach space, then prove that 𝐵(𝑋, 𝑌) is also a Banach space.  

(b) Prove that the space ℂ𝑛is complete.  

(c) Prove that compact subset of a metric space is closed and bounded. 
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OR 

 

(a) Show that the dual space of    𝑙1𝑖𝑠 𝑙∞. 

(b) Define sequence space S and prove that S is a metric space. 

(c) Let 𝑇: 𝑋 → 𝑌 and 𝑆: 𝑌 → 𝑍 be bijective linear operators, where 𝑋, 𝑌, 𝑍 

are vector spaces. Then prove that (𝑆𝑇)−1: 𝑍 → X of(𝑆𝑇)−1 = 𝑇−1𝑆−1.  

 

 

 

7 

7 
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Q.5 (a) Prove that every finite dimensional normed space is complete. 

(b) Let 𝑇: 𝐷(𝑇) → 𝑌 be a linear operator with 𝐷(𝑇) ⊂ 𝑋 and𝑅(𝑇) ⊂ 𝑌, 

where X and Y be real or complex vector space. Then prove that 

i) The inverse 𝑇−1: 𝑅(𝑇) ⟶ 𝐷(𝑇)exists if and only if Tx = 0⇒x=0. 

ii) If 𝑇−1: 𝑅(𝑇) ⟶ 𝐷(𝑇)exists, it is linear. 

(c) Let X, Y be vector spaces, both real or complex. Let 𝑇: 𝐷(𝑇) → 𝑌 be a 

linear operator with domain 𝐷(𝑇) ⊂ 𝑋 and range𝑅(𝑇) ⊂ 𝑌. Then prove 

that the inverse 𝑇−1: 𝑅(𝑇) ⟶ 𝐷(𝑇)exists if and only if 𝑇𝑥 = 0 ⇒ 𝑥 =

0. 

 

OR 

 

(a) Show that the dual space of 𝑙𝑝𝑖𝑠 𝑙𝑞; here, 1 < 𝑝 <  +∞ and q is the 

conjugate of p, that is 1 𝑝⁄ +1 𝑞⁄ = 1. 

(b) Let T: X → Y be a linear operator, where X and Y are vector space then 

prove that 

 (i) The range𝑅(𝑇)is a vector space.  

(ii) If dim 𝐷(𝑇) = 𝑛 < ∞, then dim 𝑅(𝑇) ≤ 𝑛. 

(c) In an inner product space, if 𝑥 ⊥  𝑦 then prove that ‖𝑥 + 𝑦‖2 = ‖𝑥‖2 +

‖𝑦‖2. 
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